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^ , Abstract 

C^ ' We investigate aspects of holographic duals to time-like warped AdS^ space-times — which 

include Godel's universe — in string theory. Using worldsheet techniques similar to those that 
have been applied to AdS^ backgrounds, we are able to identify space-time symmetry algebras 
that act on the dual boundary theory. In particular, we always find at least one Virasoro algebra 
with computable central charge. Interestingly, there exists a dense set of points in the moduli 
space of these models in which there is actually a second commuting Virasoro algebra, typically 
with different central charge than the first. We analyze the supersymmetry of the backgrounds, 
finding related enhancements, and comment on possible interpretations of these results. We 
also perform an asymptotic symmetry analysis at the level of supergravity, providing additional 
support for the worldsheet analysis. 



1 Introduction and Summary 

The AdS/CFT correspondence is a concrete and explicit realization of the holographic principle. In 
the prototypical example of AdS^, it has been known for a long time that the asymptotic symmetry 
group consists of two Virasoro algebras with central charges c = c = 2q [l]. That fact, combined 
with various other observations [2][3] , suggests that pure gravity with negative cosmological constant 
and AdSs boundary conditions is dual to a two-dimensional CFT, however the exact nature of that 
CFT remains a mystery and may not even exist (HE]. 

Recently, tools developed in the context of AdS/CFT have been exploited outside of their 
original high-energy/string theory realm, with potential groundbreaking applications to astro- 
physics, condensed matter, and collider physics [IHS]. A common feature of this trend is the 
extension of the holographic dictionary to non-^dS' spaces, making it possible to relate a wider 
variety of geometries and dual field theories. One such class of spaces, dubbed warped AdS^, 
has attracted a lot of attention recently. It consists of deformations of AdS^ that preserve a 
SL{2,R) X C/(l) c SL{2,R) x SL{2,R) subgroup of isometrics. Depending on the norm of the 
preserved U{1) Killing vector, these spaces are referred to as time-like, space-like, or null WAdS^. 
Though some have been known for quite a while {e.g., in some region of parameter space, time- 
like WAdSs is just Godel space-time [9HTT]). the space-like representative has attracted a great 
deal of attention |12fl22] since the conjecture of Anninos et al. that topologically massive gravity 
(TMG) with negative cosmological constant and space-like WAdS^ boundary conditions is dual to 
a two-dimensional CFT [23]. The status of the conjecture is currently unclear since it has not been 
possible to give a clear geometric realization of the expected symmetries |20fl22| . Understanding 
the holographic properties of space-like WAdS^ is also motivated by the fact that it appears as part 
of the near horizon extreme Kerr geometry (NHEK) and is believed to play a central role in the 
recently proposed Kerr/CFT correspondence 0. 

In general, the question of identifying the field theory dual to a given gravitational background 
is a very intricate one. There is, however, a notable exception: when the given background can be 
embedded in string theory and realized as the near horizon geometry of some brane configuration. 
Consider an embedding of an AdS^ space-time in type IIB string theory on AdS^ x S"^ x T^: in that 
case, in the duality frame with only Ramond-Ramond fluxes, the dual CFT can be identified as 
the worldvolume theory on the D1/D5 system which fiows in the IR to an N = (4,4) SCFT which 
is in the moduli space of a symmetric product orbifold of T'^ |24H26j . In the duality frame which 
involves NS-NS fiuxes only, the correspondence can be made even more precise on the gravity side 
by studying the worldsheet CFT, given by a SL{2, R) x SU{2) x U{1)'^ WZW model [STHaQ]. In this 
case, the (super-)Virasoro generators of the dual CFT actually act linearly on the Hilbert space 
of the worldsheet CFT, as was first shown by Giveon, Kutasov, and Seiberg in [31] and further 
developed in |32fl36j . However, since the dual space-time theory is not at the orbifold point in its 
moduli space where it can be solved explicitly, a direct bulk/boundary correspondence can be made 
only for protected quantities, e.g. correlators of BPS states. 

The aim of this paper is to explore some aspects of holography for WAdS^ spaces in the context 



string theory. These spaces can naturally be embedded in supergravity [37ti30] and, in fact, can be 
realized as exact string theory backgrounds as marginal deformations of the SL(2, M) x SU{2) x 
C/(l)^ WZW model |37 tl41fB5] . Given the worldsheet CFT, we can explore the symmetries of 
the space-time theory and attempt to extract information about any holographically dual theory. 
Although we don't expect to learn much about the exact nature of a theory dual to WAdS'i in 
TMG (it's not clear that TMG can be obtained as a consistent truncation of string theory), we 
can learn some quantitative features of the theory dual to WAdS'^ in Einstein gravity (coupled to 
matter fields) which, in turn, could yield qualitative lessons for TMG. 

All types of WAdS'i spaces — time-like, space-like and null — can be realized as exact string 
backgrounds through an elliptic, hyperbolic, or parabolic marginal deformation of the S'L(2,M) 
WZW model, respectively [42j. The hyperbolic and parabolic deformations are currently the most 
interesting from the space-time point of view: quotients of the hyperbolic deformation yield black 
hole solutions and parts of the NHEK geometry, while both can yield gravity duals of non-relativistic 
systems |44H46) . However, from the worldsheet point of view it is the elliptic deformation that is 
the most tractable because the spectrum of /S'L(2,M) is unduly complicated in the hyperbolic or 
parabolic basis. This seemingly technical issue is one of the reasons why the description of the 
string spectrum on AdS^, including the subtle issue of the spectrally flowed sectors [371 - H9] . is 
better understood than it is for BTZ black holes (see however [50H52] ) even though the two spaces 
are related by discrete identifications. In particular, it is not even clear how the space-time Virasoro 
algebra arises from the worldsheet description of the BTZ black hole [51] which is why, in this paper, 
we will exclusively study the elliptic (time-like) deformation of AdS^, hoping to one day return to 
tackle the null and space-like cases. 

Nevertheless, time-like warped AdS^ is interesting on its own since this family of space-time 
metrics, obtained by Rebougas and Tiomno as a one-parameter extension of the original Godel 
universe [10], are all homogeneous space-times with closed time-like curves (CTCs) through each 
point. It was shown in |42j that the long string solutions in these space-times are the more relevant 
probes of this pathological space-time since they eventually wrap the CTCs (unlike the short strings 
which correspond to localized worldsheets) . Thus, a holographic understanding of the worldvolume 
CFT living on a stack of long string would help us to understand how string theory deals with 
CTCs. 

In section [2l we review the embedding of time-like WAdS^ into string theory from both the 
supergravity and worldsheet perspectives. We will see that only time-like stretched WAdS'i (in the 
terminology of [23]), corresponding to Godel spaces, can be supported by real matter fields. We 
also discuss the issue of the renormalization of the background fields, showing that this embedding 
of WAdS^ corresponds to an exact string background. 

In section [3l we address the main point of this paper for the bosonic string, namely the construc- 
tion of a space-time symmetry algebra from the WAdS^ worldsheet theory. We start by reviewing 
the contruction of Giveon, Kutasov, and Seiberg for pure AdS^j, [31]. It was shown there that the 
two space-time Virasoro algebras have central charges Cst = Cst = 6A;|it;|, where k is the level of the 
SL{2, R) and w is the spectral fiow sector of the string, representing the number of times the string 



worldsheet wraps around the origin. This corresponds to the central charge of the worldvolume 
theory hving on \w\ long strings near the boundary [25j . 

Turning to the analysis of the elliptic deformation of the SL{2,M) x U{1) WZW model, which 
corresponds to fibering an S^ over a time-like WAdSs, we find that there always exists at least 
one space-time Virasoro algebra with central charge Cgt = 6k\w\ arising from the anti-holomorphic 
side of the theory. From the holomorphic side, the only space-time charges that can generically be 
constructed are a global f7(l)^ that correspond to the zero- mode of a would-be space-time Virasoro 
algebra, Lq*, and the zero-mode of a would-be space-time U{1), Jq*. The existence of both L^ 
and Zq* suggests that the dual theory is at least a two-dimensional Lorentz-invariant theory, if not 
conformal. However, we observe that when the S^ radius R and squashing parameter H satisfy 

^ = ^eQ, (LI) 

Vk P 

for fj, and p relatively prime positive integers, it becomes possible to construct a second Virasoro 
algebra with central charge 

= 6k{pw + fiU}) , w>0, 

= —6k{pw + fiuj) , w < , 

where w represents the winding number around around the fibered S^. Thus, for a given H and k, 
we can tune the S^ radius R so that, in appropriate units, for irrational values there is only one 
space-time Virasoro algebra, while for rational values there are two copies as in a two-dimensionsal 
CFT. 

In section [H we extend the bosonic construction to heterotic and type II superstrings on 
WAdS-i X 5^ X S"^ X r^. In the type II case, we find that space-time supersymmetry is broken 
in half by the deformation except when -^ S Z, in which case all supersymmetries are preserved. 
In the heterotic case, because of the asymmetry of the worldsheet theory, we can choose to deform 
the anti-holomorphic SL{2,M) and preserve all space-time supersymmetries, or we can deform 
the holomorphic (supersymmetric) SL{2, M) and generically break all space-time supersymmetries, 
except when ^Ss is integer. 

In section \5\ we perform an asymptotic symmetry analysis of the ten-dimensional background, 
much in the spirit of Brown and Henneaux [1]. We find that when (jl.ip is satisfied and p = 1, 
the sl(2,M) e u{l) e n(l) isometry algebra is enhanced to s[(2,M) es[(2,M) ^(l). In this case, 
s[(2,M) ©5t(2,M) naturally extends to two copies of the Virasoro algebra with central charges 

_ 3£Vl + 2h2 
Cst = Cst = ^ , (1-3) 

where G3 is the three-dimensional Newton's constant and i"^ = k. When p 7^ 1 but (jl.ip still holds, 
the global isometry is restricted to s[(2,M) © u{l) © u{l) but there is still a natural extension to 
two Virasoro algebras where Cgt = pcst = p ^ 20'^^ ; coinciding with the worldsheet interpretation 
when there is no winding around the fibered S^ . Then we check the supersymmetries preserved by 
the backgrounds and find the same results as in section |H 



Finally in section [6l we discuss possible interpretations of our results as well as open questions. 
Further background material and complimentary results are collected in the appendices. 

2 Warped AdS^ as an Exact String Background 



In this section we review an embedding of time-like warped ^^5*3 in string theory. This space- 
time is a solution of three-dimensional Einstein gravity with a Maxwell-Chern-Simons U{1) gauge 
field and scalars, obtained as a consistent truncation of ten-dimensional supergravity compactified 
on S^ X S"^ X T^. Since the ten-dimensional solution only involves non-trivial NS-NS fields, the 
analysis applies equally to type II or heterotic string theories. After the supergravity analysis we 
will demonstrate that this background corresponds to an exact string solution by realizing the 
worldsheet sigma model as a deformed WZW model, the renormalization properties of which are 
well known 15314551 . 



2.1 Supergravity: 3d Kaluza-Klein Reduction and Solution 

Let us begin with the action for the common bosonic sector of type IIA/B and heterotic supergrav- 
ities in Einstein frame, 



S 



1 



2^10 



,10 



^'x^/^ 



R,^-^{d^)^-le-'^HMNpH' 



(2.1) 



Then we compactify on S^ x T^ x S^ while retaining the KK-gauge field from the S^, taking the 
ten-dimensional background to bqj 



ds 



10 



e-^ [e^dsi + e-^(d(^ + Af] + e^ Llds\S'') + ds\T^) , 



H = hsLl'Vo\{S^)+H + F ^{d^ + A). 



(2.2a) 
(2.2b) 



where H = dB — F f\ A, L s '^s the radius of S^ , hs is a constant, and ds^(S'^) and Vol(S'^) denote 
the metric and volume form on the unit three-sphere, respectively. This reduces to 



s,,=i^!^a^/d3.yr^ 



2k^q 



R^ - -e-^^ F^ - -e-^ 



'F' - —e 
12 



H'e' 



+ 6h:ie^-^ 






(2.3) 



The equation of motion for B requires q-^-'^^+'^' i^^ h = h^ = constant, so we can simply 
integrate out H. We can further truncate (consistently) to a theory where e '''2 
A = ^A, arriving at the action 



x+|y-i$ ^ 2 and 



S' 



3d 



^, /d^xV^k- V"*F2 + £,,„(<!>, y)-2/iie2*-6^ + ^e-^^+^* (2.4) 



2 „-6r-i<i> 



-hie 



4^2 



A^F. 



(2.5) 



^The truncation of the KK-reduced theory to massless modes is known to be consistent for S^ [56] 



This consistent truncation admits the WAdSs solution 

dsl = -e^^-* [dr2 + sinh2rda2_(i + 2H2)(d/3 + coshrda)2] , (2.6a) 

8 

A = \/fcH(d/3 + coshrda), (2.6b) 

e^^ = fe-*, (2.6c) 

where $ is a constant, e and hs have been rescaled to set Ls = 1 (in units of a'), and 



2et*/i|- hi 
4 



H^ = ,^. ' (2.rb) 



As measured in string-frame, the ten-dimensional metric is the product of a T^ at arbitrary volume 
with an S^ at radius yk and an S^ bundle over WAdS^ at radius yk. 

Heterotic supergravity can also be dimensionally reduced on S"^ x T^ to similarly obtain Einstein- 
Maxwell-CS theory with scalars, the main difference being that the gauge field arises from a ten- 
dimensional gauge field instead of from a Kaluza-Klein circle. The truncated three-dimensional 
theory will also admit WAdSs as a solution. 

2.2 Worldsheet CFT Description: Deformed WZW Model 

We now review how this solution is obtained as a solvable worldsheet conformal field theory follow- 
ing |41j . Let's begin with a bosonic SL{2, M) WZW model corresponding to string propagation in an 
AdSs space-time. Using the Euler angles parameterization, g = g^'>-'^3a/2^(nr/2^u73P/2 ^ ^^^ worldsheet 
action reads 

SsL{2,R)k (^' «' /3) = — / d^z [drdr - dpBp - dada - 2 cosh rdadf3] . (2.8) 

The background fields are, thusp 

k 
ds^ = -(dr^ + sinh^rda^ - (d/3 + coshrdQ)^), (2.9a) 

k 
B = -coshrd/3Ada. (2.9b) 

This is AdS^ in global coordinates, taking its more familiar form if we write a = t — (p, /3 = t + (p, 
and r = 2q. 

Next, we add a free, compact boson ip with radius R and then deform by an exactly marginal, 
asymmetric, current-current deformation to obtain a WAdS^ background: 

If - 2h f 

S = SsLi2)ir,a,l3) + — Jd''zdipd^-—^Jdhj\z)id^, (2.10) 



where J^ = ^(9/3 + coshr9a) is the holomorphic eniptic/time-hke current of 5L(2,M). This 
deformation corresponds to turning on i^^j^ = G^j^ = G(j,^A^, where G^p^ = ^, fi = r,a, P, and 

^ = \/fcH(d/3 + coshrdQ). (2.11) 

A Kaluza-Klein reduction down to three dimensions yields the backgrounco 

ds2 = {G^^-G^^A^A^)dx''dx'' 

k 
= - [dr2 + sinhVda2-(l + 2H2)(d/3 + coshrda)2] , (2.12a) 

k 
B = -coshrd/3Ada, (2.12b) 

A = \/fcH(d/3 + coshrda). (2.12c) 



This solution is exactly the same as the solution in (j2.6p . Of course in string theory models like 
AdS-i X S^ X T'*, the WZW level k is quantized to integer values. 

2.3 Renormalization of the Background Fields 

For a generic WZW model, it is known that the background fields extracted from the classical 
action are actually exact to all orders in a' , modulo a shift of the level k^k + Cg, where Cg is the 
dual coxeter number. 

In the same way, one might wonder how the background fields are renormalized for the WAdS^ 
solution. For this, we notice that (I2.10p can be rewritten as [42] 

S = SsLi2) (r,a,(3 - ^^^ + ^{1 + 2h^) I d'zd^B^ + ^ I d^z {dpB^ - dfidv) , (2.13) 

where the last term is a total derivative whose raison d 'etre is to contribute a phase to the partition 
function in winding sectors. Being the formal sum of two WZW models (modulo the total derivative 
term), the renormalization in the effective action can be computed as usual, resulting in a shift 
k^-k — 2 in the SL{2, R) level. This leads to a renormalization of the four-dimensional fields which, 
in turn, yields the three-dimensional background: 



ds 



2 _ ^ ^ 

4 



i2 



dr^ + sinh^ r da^ " ( 1 + ^ V — j-^- ) (d,S + cosh r daf 



(2.14a) 



k — 2 

B = — — cosh r d/3 A da , (2.14b) 

A = (fc-2)\/fc " ^ (d/3 + coshrda), (2.14c) 

which coincides with the classical expressions in the large k limit, as it must. As promised, the 

renormalization corresponds only to a redefinition of the parameters, hence, we can treat the 
solution (j2.6p . or equivalently (|2.12ap . as an exact perturbative string background. 



■^In heterotic string theory, one can take (p{z) to be an antiholomorphic chiral boson corresponding to heterotic 
gauge-bundle degrees of freedom. In this case, the analysis is more subtle but eventually leads to the same three- 
dimensional background fields as this Kaluza-Klein reduction. 



3 Space-time Symmetry Algebra I: Bosonic Strings 

We now turn to the main part of this work and investigate the space-time symmetries associated 
with these WAdS^ string backgrounds. For simphcity, we start with bosonic string theory on 
WAdSs X U{1) X M where M is an arbitrary unitary CFT with c = 22 — ■^. 

In [31], the authors constructed the space-time Virasoro algebra of AdS^ in the free-field limit 
of the worldsheet CFT. This free-field limit corresponds to a long string near the boundary of AdS^ 
that winds w times around the origin. As such, the central charge 'felt' by the string depends on 
its winding as the string effectively forms a tf-sheeted cover of the boundary [57J. In section [3Tt 
we briefly review the calculation of [31] in coordinates that will suit our purposes when confronting 
the deformed model, studied in section 13.21 In appendix [Dl we construct the charges using solely 
SL{2,M) primaries without reference to free fields. 

3.1 Lightning Review of the Giveon-Kutasov-Seiberg Construction 

We review here the construction of the space-time Virasoro algebras in AdS^ using a free-field 
description of the bosonic string in an AdSs x U{1) x M. background [31]. We will consider a single 
copy of the algebra that is built out of holomorphic worldsheet operators, remembering that there 
is a second copy built from analogous antiholomorphic operators. 

We start with the holomorphic SL{2,M) currents in the elliptic/time-like basis which satisfy 
the algebra 

J3(z)j3(0) ~ -^ , j\z)J^{0) ~ ±iJ±(0) , J+(z)J-(0) ~ ^ - f J3(0) . (3.1) 

We can express the elliptic Cartan current as J'^ = i-v/-| dT by introducing a free, time- like, chiral 
boson T{z) with OPE T[z)T{0) ~ In zcl This allows us to decompose the remaining currents, J^{z), 
in terms of S'L(2,M)/[/(l) parafermions as (see appendix |A] for background on parafermions) : 



J+{z) = iVki;ie 'y^{z), J- (z) = -iVk ^l^l e^ ^ (z) . (3.2) 

We now use the free-field representation of non-compact parafermions, valid near the boundary 
of the target space (see ()A.7p in appendix |X|), to study the long string sectors of the worldsheet 
theory. In terms of the free bosons, T and x, and the linear dilaton, s{z, z), an SL(2, M) x SL{2, M) 
primary of spin j is represented as 

V"^ f^{z, Z) = e^^ "^"'"^ ^^^,{mx{z)+inx{z))^-^^^{{m+if)T{z)+{n^+hf)f{-z)) ^ ^3^3^ 

where a_|_ = \/2k — 4. Representations are labeled by their spectral flow, w £ Zi, which corresponds 
to an outer automorphism of the left and right affine algebrasO The left and right conformal 



^Throughout this section and the following ones, we work in units where a' = 2. By an abuse of notation, the 
antiholomorphic counterpart of a chiral boson '^{z) will be denoted by (/^(z) while the associated non-chiral boson 
will be denoted by <^(z, z). 

^On the single cover of the S'L(2,K), we could have different spectral flow parameters, w and w, for left- and 
right-moving sectors, provided that level-matching is satisfied. However, working on ^4^53, the universal cover of 
SL{2,R), forces w = w. 

7 



dimensions of these primaries are 



/\ _ _±yi L — iijjji ^ (3.4a) 



Jij - 


-1) 


k- 
j{j - 


-2 

-1) 



^ = ~''^t^~'"^~^r- ^^-^^^ 

In order to realize the space-time Virasoro algebra as charges acting on the worldsheet Hilbert 
space, we need to identify holomorphic (1,0) currents which are obtainable as Kac-Moody descen- 
dents of the holomorphic 5'L(2,M) primaries, Vq^q- ^^ ^^^^ operator has m = 0, consistency of 
the theory requires that m = n ^ Z|2| In the free-field formulation, the most general charge that 
can be obtained is 

Lt^j^ b^idx + dT) + h-{dx - dT) - ihlds e^^i^^^^"'^) . (3.5) 

The condition for the operator to be a Virasoro primary and, hence, BRST invariant is 

= 0. (3.6) 

The d{x — T) term is the integral of a total derivative — equivalently, a BRST exact term — for 
any n 7^ and can be chosen freely. We make the gauge choice 6~ = for n 7^ 0. 

Computing the commutator [L^*,L^*] and demanding it form a Virasoro algebra yields the 
constraints 

^" = ^Vf ' 2iy|6+&+ = 6+^„, , (3.7) 

the latter of which can be solved by setting 6^ = — §a/ f • Thus, we have the worldsheet charges 







2 Y 2 ^(^^ + dT)-n \j^^ds 



" "(x-^) (3.J 



which satisfy a Virasoro algebra with central charge Cst = Qkp, where p = H/^ § 2^('^^~^'^)- "^^^ 
value of p depends on the spectral flow sector of the string, which can easily be seen by considering 
the operator inside a correlation function 

^f^{dx-dT){z)Vf^^^^{0))=w{vf^^^^{0)). (3.9) 

In fact, the value w has the physical interpretation of the number of times the worldsheet of the 
long string wraps around the origin. The central charge is ther|I| 



-St 



6k\w\. (3.10) 



^This constraint conies from enforcing level matching A — A £ Z under spectral flow by J^ and J^. It also 
corresponds to the quantization of angular momentum in global AdSa [47) . 

^The relation between the space-time and worldsheet time coordinates for a long string in the w-sector is t = wr. 
When ui > 0, the origin of the planar worldsheet of the long string is the infinite past, so that is where we should 
insert the twist operator that defines our long string state. On the other hand, when w < 0, the infinite space-time 
past is at future infinity on the planar worldsheet, implying that we should insert the twist operator there. Relative 
to future infinity, the contour used in computing the central charge p.9p is oriented in a clockwise direction, thus 
contributing a second minus sign (in addition to «; = — 1^1) and ensuring the central charge is positive. 



Of course, the entire discussion above can be repeated for the antiholomorphic sector of the theory, 
leading to a commuting space-time Virasoro algebra L^ with central charge Cst = (}k\w\. As we 
said, this computation is for a given spectral flow w, however, the spectral flow is not conserved by 
the interactions (which take place far from the free-field limit region s — )• — oo) and, thus, does not 
correspond to a 'superselection' sector of the theory. 

As said in the introduction, having a brane construction of the worldsheet theory leads to 
interesting insights. Consider the case of AdS^ x S"^ xT^, which is the near horizon limit of N^ = k 
NS5-branes and Ni fundamental strings. This superstring background has a six-dimensional string 
coupling constant fixed to Qs = N^/Ni, which means that the number of fundamental strings must 
be large in the perturbative regime. One can argue that the spectral flow parameter must be 
bounded hy w ^ Ni as a consequence of the 'stringy exclusion principle' [5Sj. We cannot see this 
bound from the worldsheet description for two reasons: one is that we cannot properly describe 
multi-string states since the worldsheet theory is a first-quantized theory; the other is because 
states where w ^ Ni have a strong backreaction on the background. Said differently, no more 
fundamental strings can 'escape' to the boundary of AdSs than the A^i Fl's which are part of 
the background geometry. Note that by taking the upper bound for the spectral flow, w = Ni 
(corresponding to the configuration, inaccessible to perturbation theory, where all the fundamental 
strings of the background are long strings close to the boundary), one obtains the central charge 
that is expected from the analysis of the D1-D5 low-energy dynamics, c = 6A^iA^5. 

3.2 Bosonic Warped AdS^ 

We would like to repeat this calculation in the deformed WZW model ()2.13p in order to find which 
of the space-time charges survive after the deformation|j To that end, we add a U{1) theory, 
represented by a free boson (p{z, z) = ip{z) + (f{z) : 

J = idip{z) , J = id(p{z) , (3-11) 

with the OPE ip{z)ip{Q) ~ — Inz. This boson is compactified at radius R: ip{z, z) = <p{z, z) + IttR. 
The current-current deformation then takes the form 

AS = -^ [dhJ^J. (3.12) 

vrv A; J 

As explained earlier, this corresponds geometrically to deforming AdS^ x S^ into an S^ bundle over 
a WAdSs base. 

Appendix [B] briefly explains the connection between these marginal deformations and rotations 
of the lattice that defines the torus on which the free bosons (those generating the Cartan currents) 
live. The upshot is that instead of deriving new OPEs for our fields, we can use the original OPEs 
and construct operators with charge assignments that are determined by the rotated torus identi- 
fications (said another way, we can work in the orthonormal basis). In particular, the deformation 



*Since the SL{2,'R) current J'^{z) is a non-nomializable operator, we expect that the asymptotic charges of the 
background will change. 



that we consider here corresponds to an 0(2) C 0(2,2) rotation that mixes the charges of T{z) 
with those oi (p{z). 

Primary operators of the undeformed theory (|3.3|) . dressed with a [/(I) primary with left and 
right momenta pL and pR, lead to operators of the form 



^^js{z,z)+i^{mxiz)+mxiz)) -iJ^{M'f{z)+{m+^)fiz))+ipL>p(z)+ip'j^^ 



(3.13) 



where T and (^ have canonical OPEs. The lattice rotation gives us a relation between the new 
charges, the primed quantities, and charges for the original variables, the unprimed quantities. We 
have the relation 



M' = {m + ^)cosa- J^pRsina, (3.14a) 

p'r = PRCOsa + Jl{m + ^)sina. (3.14b) 

The rotation angle a is related to the deformation parameter H in ()3.12p through |41] 

cos a = 7T ■ (3.15) 

1 + 2h2 ^ ^ 

The orthonormal basis is useful because it allows us to have our cake and eat it, too; we get to 
use fields with canonical OPEs and we can understand the new charges in terms of the unrotated 
charges that we already understood: 



m-rh = neZ, p^ = S. z^ ^ , p,ujeZ, (3.16) 



and, of course, m and fh are further constrained depending on which representation of SL(2, M) we 
are considering. 

We can now immediately read off the conformal dimensions of these operators: 

(A; -2) ^^ 4+2 



A = -^^ — -i^-wm — + -[pRCOsa + \lj:{m + !^)sma] +N. (3.17b) 



We are interested in looking for holomorphic (1,0) operators that we can use to define space-time 
charges. Holomorphicity imposes the constraints j = 0, m = 0, li; = 0, iV = 0, and p^ = 0. Using 
(|3.14bp . p'j^ = implies that 

[k 
m = —\—pRCota. (3.18) 

The final condition we must satisfy is reduced to 

^ = -^Pr + kpl + N = -ojp + N = l. (3.19) 

If we consider operators in the sector that has no winding around the fibered circle ip, for example, 
then we must set w = and A*" = 1. Finally, we have the condition m — fh = n G Z; since we have 
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set m = 0, generically we can only construct a single operator with m = p = 0. However, if the 
rotation angle a and the compactification radius R satisfy 

-i?tana = ^^ gQ, (3.20) 

then we have an infinite set of holomorphic operators yielding consistent space-time charges o When 
this holds, let us write 

Vk P 
where // and p are relatively prime positive integers. The space-time charges are then obtained for 
p G /xZ and m £ pL. At this point, one might wonder whether this result is immediately suspect 
since the physical radius of the circle could fluctuate locally; however, deformations of the radius 
of the circle are not normalizable and, therefore, do not correspond to finite energy excitations of 
the theory (similarly for deformations of h). 

With these constraints in mind, we have candidate holomorphic operators, of spin j = 0, 



*= ^^ ^ '' X oscillators . (3.22) 

The form of these operators suggests defining a new orthonormal basis of free bosons: 

r = Tseca + (^tana , (^ = Ttana + c^seca , (3.23) 

where T is time-like and (f is space-like. Since the stress tensor and the OPEs of these free fields are 
the same as those used in the undeformed case, we can almost conclude that we have a space-time 
Virasoro algebra constructed out of these worldsheet holomorphic operators with modes given by 



^" = ^o5.,o - i ^ 



2 Y 2 ^(^^ + 9T)-n \J^—9s 



eVi"(>^-^). (3.24) 



The catch comes precisely from the constraint (|3.2U|) — when it is not satisfied, the one and 
only consistent operator is Lg*. Even when this constraint is satisfied, we have the restriction 
n S pZ which means that only some of the modes survive. This subset of Virasoro generators, by 
themselves, generates a full Virasoro algebra. Indeed, if we call n = pfi, for n G Z, we note that 
the subset {Lpj^|n G Z} C {Ln\n G Z} generates a Virasoro algebra if we define 

1 c 

Ln = -Lpn + —{p- ^)Sn,0- (3.25) 

This algebra has central charge c = pc, where c is the central charge of the algebra spanned by all 

the LnS. 

Thus, when the condition (j3.2Up holds we can construct a space-time Virasoro algebra with the 

modes 

1 f dz 



4 p J ZlTT 



2 Y 2 ^(^^ + ^^) ~ P^ \^2~^^ 



^pn(x-T)_ (3_2g) 



^It is also possible to construct a Virasoro algebra using a winding state of the [/(I) theory, rather than a 
momentum state. Then we would find a relation similar to (|3.20[l but with the T-dual radius R= ^. 
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Following the previous discussion, the central charge of this space-time Virasoro algebra, in a given 
sector of spectral flow w and winding oj around the extra S^, is given by Cgt = Qkp where 

P = \ T 'r {"^dx — idT) = \ — d) (idx — i sec a dT — i tan a dip) 

\ k J ZTTl ' \ k J 2i-K 

= w + \ -tan a{pR-pL) = w + -uj (3.27) 

V K P 

and where we used the relation (|3.20p to simplify. Therefore, when there exists a second Virasoro 
algebra, we obtain Cgt = Qk{pw + fiuj). 

To interpret this result, notice that in the time-like warped AdS^ background, we still have 
long string solutions in sectors of non-zero spectral flow [H]. As in AdS^, the relation between 
space-time and worldsheet time is t = i(;r|lj independent of the winding number lo around the 
circle. Thus, as in the AdS^ computation, the orientation of the integration contour that gives the 
central extension should be reversed for negative spectral flow parameter w. We expect that the 
left space-time central charge is, then, given by 

f Cst = Qk{pw + fiu;), w>0, 

1 Cst = —6k{pw + fiuj) , w < . 

Of course, on the antiholomorphic side nothing has been deformed so we always have a commuting 
space-time Virasoro algebra with Cst = 6/c|t(;|. Again, these results apply in a sector of given spectral 
flow w and winding uj, see the discussion below (jS.lOp . We will discuss the implications of (j3.28p 
in the next subsection. 

So far, we have ignored another family of potential space-time charges at our disposal which 
are made from worldsheet primaries of the form idtpe v '''^^^ ' . Let us consider the case where 
the affine U{1) used in the construction is at level kg. In this case, we obtain a space-time U{1) 
algebra when (I3.20p holds, with generators 



"^ ^^i^v 2 '^' ' ^^-^^^ 



and only Jq* when it fails. The level /c^* of this space-time affine U{1) is 



f = [ir.ilM = .|/f\/f{«X-at), (3.30) 

so we obtain 

{ kf = kg{pw + nuj), w>0, 

I kf = -kg{pw + fiu) , u; < . 

In a similar way, any current algebra at level ki from the internal CFT, A4, will be promoted to an 
affine symmetry in space-time at level zizki{pw + fiu). 



^'^ Although the manifold now has CTCs, we still call time the coordinate corresponding to the isometry Jq + Jq of 
the worldsheet theory. 
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To summarize, we find a somewhat peculiar result when WAdS^ is constructed in string theory 
as the base of an S^ fibration: we can tune the warping parameter H and the S^ radius R so that 
when ^£ is rational, we have two space-time Virasoro algebras (generically with different central 
charges), whereas when it is irrational we have only one Virasoro algebra along with Lq" and an 
additional global ^(1) symmetry, Jq*. If the reader worries this is somehow an artifact of the 
free field calculation, we have reproduced the above calculation in appendix [D] without reference 
to free fields. Furthermore, in section [5] we perform the asymptotic symmetry analysis on the 
four-dimensional geometry and find precisely the same result from supergravity, though only in the 
sector without winding around the S^, u = 0. 

4 Space-time Symmetry Algebra II: Heterotic and Type II Strings 

Next, we would like to find what space-time symmetries for heterotic or type IIA/B superstrings 
on WAdS-i X 5^ X T^ X 5^ can be realized in the worldsheet CFT. In particular, one might wonder 
whether the symmetry enhancement found in the bosonic case gives rise to a full extra superconfor- 
mal algebra in space-time. To answer this, we'll consider a current-current deformation involving 
the elliptic/time-like holomorphic current of the left M = 1 SL{2,M) algebra (hence chosen as the 
supersymmetric side in heterotic) with the antiholomorphic current idip from the S^. Thus, this 
analysis is common to type II and heterotic models, with another possibility briefly considered in 
section 14.21 

Consider, then, a (1,0) or (1,1) SL{2,R) x U{1) WZW model. The holomorphic SL(2^) 
current algebra at level k is generated by 

J^(z)^J^(z)-V^c:V'^V^:(z), (4.1) 

where the J are generators of a bosonic 5L(2,M)fc_2 and the ip are three free Majorana-Weyl 

fermions, normalized as ip tp ~ i^ ' with metric 1733 = —1, r]-\ = ^, e^]^2 — 1- This theory 

admits an J\f = (1, 0) supersymmetry on the worldsheet with supercurrent given by 



G = y|( - i^'j^ + '^^P+J- + ^^- J+) . (4.2) 



In (1,0) superspace notation, the current multiplet is H = 1/2 V' + GJ^ . Thus, we can deform 
the space-time action as before while preserving worldsheet supersymmetry by adding an operator 
of the form 



AS 



f d'^zdeE^dip = — '^ [ d^zj^dip. (4.3) 

TTVk J TT\'k J 

As the underlying lattice rotation acts on the lattice of J7^ and not on the purely bosonic 
current J^, it is useful to split the (1,0) WZW model in terms of non-compact parafermions which 
correspond to the superconformal coset CFT SL{2,M.)/U{1). Thus, we write 

J^ = i^d1, (4.4) 
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where T is a time-like boson. The SCFT 5L(2,M)/[/(l) actually admits an J\f = (2,0) supercon- 
formal algebra; defining Q = \ -^, we can use free fields to write the generators aa^^l 

T = -\dsds-\dXdX-\dHidHi + ^d'^s, (4.5a) 

G^ = {idX + QidHi±ds)e^'^\ (4.5b) 

Jr = -idHi + QidX, (4.5c) 

with the bosonization 

*± = ^^^ = gT^^i . (4.6) 

V2 

We also bosonize 

-^(V''^±V') = e±^S (4.7) 

with /i^2 time-like. 

We can use a lattice rotation to understand how a primary in the deformed theory relates to 
one in the undeformed theory. We consider primaries in the left NS sector, of the form 

with o"! and C72 even — the Ramond sector of the theory, where ai and o"2 are odd, will be considered 
below. The corresponding deformed operator comes from an 0(2) rotation between the 1. and cp 
lattices (respectively left and right). We achieve the deformed operator by the replacements 



m 



kw , t„^ kw 



2 ' V"" 2 



(?n, — ^) cosa — Q Pi? sin a, (4.9a) 



PR -^ pRCOsa-\-Q{m- ^)sma. (4.9b) 

As before, the hatted fields (^ and T correspond to the orthonormal basis and, thus, maintain 
canonical OPEs along the deformation line. 

The conformal dimensions of spinless operators (j = 0) with no spectral flow {w = 0) in the 
deformed theory will be 

A = ^--(^Qmcosa-p/jsina) _^ ^i + ^2 _^ ^ ^ (4.10a) 

1 / \2 

A = -[pRCOsa-\- Qmsina] . (4.10b) 

Again, our goal will be to find integrated holomorphic (1, 0) operators that we can use to build the 
space-time Virasoro charges. In the usual way, we will look for holomorphic (2,0) operators On 

that allow us to write Ln = {G_ 1 , On}- Then the L„'s will be BRST-invariant if {Gi , 0„} = 0. 

_ 2 2 

Setting A = implies that the right-moving theory is in the NS sector (for both type II and 
heterotic). To be holomorphic, the operators must satisfy 

cot a /, -.-.x 

m = Q-PR- (4-11) 



^^This description of the SCFT is usually used in the hterature to describe the (mirror) M — 2 Liouville theory, 
see e.g. [59] . 
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Since m — 7ra = nGZin the NS-NS sector and since m = 0, we arrive at the same constraint (j3.20p 
as in the bosonic case. When this condition is satisfied, then conformal dimension becomes 



2 



A="-^^ + -(pl-pl) = --^-^-u:p. (4.12 



As before, we consider winding- less states (a; = 0). Then the possible building blocks for the 
space-time supercharges satisfy 

al + al = 4, (4.13) 

which is solved with (o"i,o"2) = (i2,0) or (0, ±2). 

As in the bosonic case, we expect that a special role is played by the rotated fields T and ^, 
defined through a change of orthonormal basis by 

T = TsecQ + (^tano , ^ = Ttana + ipseca . (4.14) 

Naturally, one can define a similar change of basis for the fermionic superpartners so that the 
supercurrent is preserved: 

^^ = ip^ sec a + ip'^ tan a , ^^ = ^'^ sec a + ip^ tan a . (4.15) 

Thus, the supercurrent of the theory can be written as 

G=^{G+ + G-)-i^^d'X + i^^d^, (4.16) 

v2 

with G^ as in (|4.5bp . 

We don't expect the fermionic field ^* to be part of the construction of the space-time Virasoro 
algebra since it's orthogonal to the superpartner of T. Therefore, the candidate Virasoro generators 
are of the form 

As before, because of the constraint (j3.20p these operators exist only for n = mod p when (j3.20p 
is satisfied, and only for n = otherwise. Demanding that O is a superconformal primary leads to 
the constraint 

{n + l)b- + {n - l)b+ + V2nbl = . (4.18) 

Moreover, for n 7^ this operator is defined modulo exact terms which take the form 

{G_i,e^«"(^-*)} = Qn f^l±l_ - ^A e'Q<^~^) , (4.19) 

corresponding to the equivalence 

{b-,b+,bl)^{b-+X,b-+\bl-^^), VAeM. (4.20) 

Using this gauge freedom to set 6^ = for n 7^ 0, O will be a superconformal primary if we choose 
b^ = — 7575(1 =t n) for n 7^ 0. This yields space-time Virasoro generators 

Lf = M (p + i)<5 J_ / ii UQX - pnds + Qpm''^^ - iQp'f^^^^'' - ^^)\ e*QP«(^-*) , 

4 '^ Qp J In: 

(4.21) 
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where 

p = iQ (l — (dX-di)=w + i^uj. (4.22) 

J Zl-K ' p 

As in the bosonic case, the central charge of this algebra is 

f Cst = Qk{pw + puj), u- > , 

1 Cst = —6k{pw + fiu) , tM < . 

Again, we can also construct an afhne U{1) algebra in space-time from the extra free boson ^ using 
operators of the form {G__i , \I/"e*'^''"^ H, as well as other afhne algebras in space-time coming 

2 

from the internal CFT (for instance, SU{2)k x U{1)^). 

We would like to interpret this result in parallel to the discussion around (|3.10p . The time- like 
warped AdS^ space-time, for any value of the warping parameter H, is known to have CTCs passing 
through each point. The worldsheets of long fundamental strings have their radius increasing 
linearly with time and eventually must wrap these CTCs. The analysis of space-time symmetries 
that we gave above is relevant for the worldvolume conformal field theory on these long strings, hence 
we expect to find some holographic signatures of a pathological behavior. From equation (j4.23p 
above, one can notice immediately two important facts: 

1. Cst — Cst ^ mod 24, generically, implying that the purported dual CFT is not modular 
invariant and, hence, inconsistent. 

2. Nothing seems to prevent Cst from becoming arbitrarily negative for large negative winding 
numbers w, spoiling unitarity of this potential CFT. This would correspond to the worldvol- 
ume theory on w long strings that wind around the circleo 

These aspects deserve further study and will hopefully be clarified if a brane construction of 
this background is found. It's also worth mentioning that space-like WAdS^, does not suffer from 
the same pathologies as its time-like cousin, so we expect better behavior of the space-time central 
charge in that case. Unfortunately, the analysis in the hyperbolic/space-like basis of 5*^(2, M) is 
significantly more difficult and, thus, left for future work. 

4.1 Space-time Supersymmetry 

We have seen that for rational values of ^^ it is possible to construct a space-time Virasoro algebra 
from the left-moving worldsheet CFT, though it has a different central charge than the space-time 
Virasoro algebra arising from the right-moving sector. The next natural question to ask is whether 
this space-time Virasoro algebra admits a supersymmetric extension at rational values of -^ (of 
course, in the type II case we always have at least one space-time super- Virasoro algebra from the 
right-moving sector). 

In order to answer this question, we search for space-time supercharges in the R-NS sector of 
the worldsheet CFT. Let us first remind ourselves of the form of the space-time supercharges in 



^^As the string coupling goes like Qs ~ i/Ni, regardless of the winding number around the S^ , we expect that the 
'stringy exclusion principle' still gives the bound w < Ni here for any value of lo. 
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the undeformed background, AdS^ x U{1) x M/U{1), where the CFT M/U{1) has an AA = 2 

6 



superconformal symmetry and central charge Cm = 9 — |. We use the notation 



'R 
In this case, the operators 



J = idU, J^/^W= 3-hdV. (4.24) 



*" / 2i7r ' 2 ' 

(where the bosonizations were given in (|4.6p and (j4.7p and 0^ is a superghost) are BRST invariant 
and mutuahy local and, therefore, act as space-time supercharges on the physical string Hilbert 
space. The other modes of G '^^, for which r ^ itg, are then obtained by acting with L^. 

Now, let's search for potential space-time supercharges in the deformed case. As a first attempt, 
let's identify the distinguished U{1) symmetry of the undeformed case with the U{1) used in the 
deformation, i.e. let U = ip. Next, bosonize the rotated fermions of the deformed model (j4.15p . 

e^^' = ^{^^±^^). (4.26) 

V2 

Then it is natural to guess that the space-time supercharges take the form 



G±'^t= /iie"^^/2gr(-i//i+iQ(x-x)±i5)±f(yi^v-Q5) .^27) 

'' J 2iTi 

since the OPEs and the supercurrent ()4.16p . expressed in terms of the rotated variables in the 
deformed case, are the same as those in the undeformed case expressed in terms of the unrotated 
variables, thus guaranteeing BRST invariance. 

So we have identified an operator with the OPEs that a space-time supercurrent should have, 
but we have to check that it's actually in the spectrum of the deformed model. From the definition 
of the rotated boson J, (j4.14p . and from the definition of the vertex operators in (j4.8p . we arrive 
at the identifications 

mcosa — Q^ PRSuia = r seca ± - tana , (4.28a) 

PL = — Qrtana =F -Qseca , (4.28b) 

PRCOsa + Qmsma = 0. (4.28c) 

Eliminating p^ between the first and third equations leads to 

771 = r =p — sin a , (4.29) 

but since we are in the R-NS sector, where m = implies that m, G Z + ^, and since conformality 
requires r = itg, this operator can only be part of the spectrum if a = mod vr, i.e. in AdS's. 

Even in the undeformed case, this construction is not possible for a generic U{1) lattice (at 
least, without any shift orbifold mixing it with another CFT) since one would need pl = ^Qjl and 
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PR = 0. In the case of AdS^ x S^ x T^, this is accomphshed by choosing the U{1) to be the Hopf 
fiber of the S^. This suggests another construction by using another U{1) in order to construct the 
space-time supercharges. To be concrete, consider deforming the model 

SL{2, M)fc X U{1)^ X ^ ^ X U{lf , (4.30) 

using ip to generate the warping, as before, while building the space-time supercharges with the 
U{l)k of the SU{2)k algebra, as is done in the undeformed geometry AdS^ x S^ x T^. Let us denote 
the U{l)h current by iy 2 dZ and bosonize 

v2 

As above, the idea is to use the rotated bosons and fermions (T, ^^) and (5", ^^) in order to work 
with canonical OPEs. This would suggest defining supercharges as 

G±'^t = / — e-<^^/2e"(-*^^+*'?(^-*)±^^)±Ky^^-^^) , r = ±- . (4.32) 

J 2iTT 2 

These operators have m = r and 

PL=PR = -Qrtana = j= = -, (4.33) 

Vk pR 

where we have used (j3.20p . 

Therefore, these physical space-time supercharges can be constructed in the worldsheet theory 
when p = 1, meaning that in these cases we actually have a space-time super- Virasoro algebra 
(two, in the case of type II strings). On the other hand, for generic values of ^^ there is no space- 
time supersymmetry generated by the left-moving side of the worldsheet. In type II constructions, 
this implies that half of space-time supersymmetry is broken, while for heterotic constructions this 
implies that all supersymmetry is broken (though in the heterotic case, we can instead deform the 
right-movers and preserve all of space-time supersymmetry). We will find the same results from 
supergravity in section \5\ 

4.2 Heterotic Strings With a Gauge Bundle 

There is one more case to consider: in heterotic string theory, instead of realizing the WAdS^ 
background with an S^ fibration we can use a ten-dimensional Abelian gauge field; in other words, 
we take (^ to be a right-moving chiral boson. 

In order to understand the space-time symmetries of the solution, we redo the same analysis as 
before except that we have to impose the constraint pL = 0. Recall that charges corresponding to 
the space-time Virasoro algebra should be built from operators satisfying 



af + a^ 1 2 



2Pr + N = -, (4.34) 
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where pn is in the {E^ x E^)i or 5pm(32)i/Z2 lattice, see ()4.12p . Note that compared to the 
previous analysis, H2 refers to a different bosonization of il)'^ than before (j4.7p since if)^ is not part 
of the heterotic model. 

Considering that worldsheet fermions of the 'internal' CFT do not appear in the vertex operators 
we are looking for, the left GSO projection imposes that cii + (T2 = 2 mod 4. Comparing with the 
discussion below ()4.12p . it is clear that one cannot use the same construction as for the case with 
the S^ fibration. Indeed, to get a generator L^* one would need to solve the constraint 

n^ tan^ a = kN . (4.35) 

If the deformation parameter is such that tan^ a is rational, one cannot exclude a priori that such 
operators — which involve some oscillator modes — can be physical for some values of n. However, 
due to the proliferation of oscillator combinations for a generic level A'^, it seems impossible to 
give a general proof that there is no new space-time algebra, although it seems highly probable to 
us that the U{1) is not extended to a second Virasoro. The best that we can say is that similar 
operators exist in the case the U{1) arises from a geometric 5^, see p.l9p : in that case, we have a 
better handle on the space-time analysis of the asymptotic symmetries (see section [5]) and find no 
evidence that a space-time Virasoro algebra can be built from operators with A^ > 1. We expect 
that the result is the same in this case. 

5 Space-time Symmetry Algebra III: Supergravity Analysis 

In previous section, we analyzed the space-time symmetries of certain WAdS^ backgrounds using 
worldsheet techniques. In this section, we'll explore the same question from the supergravity point 
of view. First, we look at the asymptotic bosonic symmetries of these backgrounds, then we move 
on to consider supersymmetries. 

5.1 Asymptotic Bosonic Symmetries 

To analyze the asymptotic symmetries, let us return to our ten-dimensional background, l\2.2\i : 

ds^ = dsl + ds|3 + ds^s , (5.1) 

where 

dsl = k{- cosh^£>dt^ + d£»^ + smh^ gdcj?) - 2}i \/k dip{cos\i^ gdt + smh^ gdcj)) + ^dc^^ , (5.2) 

Q, t, and 4>, are the usual global coordinates on AdS^^ and ip € [0, 27ri?)|^ The 3-sphere has radius 
Ls and T^ has volume denoted by Vpa. The equations of motion impose that the AdS^ and S^ 
have radii yfc. 



'As in section [21 we work in units where a' — 1. 
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Solving the Killing equations corresponding to the four-dimensional part of the metric yields 
the following vector fields: 

/"o = ^{dt + d^), 

l-^ = ^e'^^+^\tanhgdt-idg + cotligd^), (5.3a) 

Li = ie-*(*+'^) (tanh^at + id^ + coth^a,^) , 

h = y'^^~'''^^'^\tanhQdt-idi,-cothgd^), (5.3b) 

l-i = \e *^ ^'^' {iaiihgdi + idg — cotligd^) ^ 

to = d^, (5.3c) 

forming an s[(2,]R) ©s[(2,R) © n(l) algebra. However, since 93 has periodicity 2itR, li and /_i are 

globally-defined vector fields only if 

2\iR , , 

^.Z, (5.4) 

which coincides precisely with (I3.20p for /O = 1. 

By studying the asymptotic symmetries of the above ten-dimensional background, one naturally 
expects the 5l(2,M) ©s[(2,M) part of the exact symmetries to be extended into the sum of two 
Virasoro algebras, as is familiar from AdS-^ gravity [Ij. We will refrain from performing a full 
analysis — this would involve determining a set of consistent boundary conditions that include 
both the background (|5.ip as well as finite temperature excitations of it obtained by discrete 
identifications, e.g. |22tl60j — and instead will make a natural guess for the form of the Virasoro 
algebra generators, leaving the full analysis for future work. To that end, consider the following 
large diffeomorphisms: 

[„ = ;^e*"(*+*)(tanh^5t-m5g + coth^a<^), (5.5) 

/„ = T.^ ^''^^ {tanhgdt — indg — cothgdi/,) . (5.6) 

These satisfy the Virasoro algebra, without central term. 

Assuming that these diffeomorphisms yield finite, asymptotically conserved, integrable charges 
defined on an appropriate phase space that includes the background (15. Ih . and assuming that they 
are represented through the Poisson bracket ()E.14p , we can compute the central term of the algebra 
using ()E.16P ri Doing so, we find central terms 



12--^-^^ ~ «0)'^m+n,0 , Ki^J„ = — r-^-2 



Ku,in = -::m{rr? - ao)'^m+n,o , i^r™,L = -::'m{n? - ao)'^m+n,o , (5.7) 



^*The Mathematica code implementing the expressions for the charges displayed in the appendix can be downloaded 
from the homepage of G. Compere: |http://www. physics. ucsb.edu/~gcompere/| 
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where 

67rVl + 2H2./|i?L|yr3 



and Gd is the d-dimensional Newton's constant. When reduced to 4 or 3 dimensions, with Gio 
2tt^LIVt3G4 = 2^/21:^ RLIVt^G^, we find 



(5.8) 



^ = ^"= G^ = — 2g; — • ^'-'^ 

A few comments are in order. In (|5.7p . oq is a constant which can be set to any value by a 
redefinition of the Iq and ^o generators, i.e. by fixing the energy of the background, so we can make 
the canonical choice of ao = 1- When the squashing parameter goes to zero, the three-dimensional 
central charges coincide with the Brown-Henneaux charges as expected (the same holds for space- 
like warped AdS^^ see 07j). However, the central charges depend not only on the parameters present 
in the Lagrangian {e.g. k and G3) but also on a parameter of the solution, H. This is reminiscent 
of the Kerr/CFT correspondence where the central charge depends on the angular momentum J 
of the solution, but it is in contrast to the situation in TMG where the squashing parameter of the 
solution is entirely fixed in terms of the gravitational Chern-Simons coupling. 
It's also important to notice that the condition (j5.4p can be relaxed to 



2hR u _ , , 

-^ = ^eq, (5.10) 

Vk p 

where /i, p G Z are relatively prime, if we only keep the subset of In generators where n G pZ. 
Indeed, the vector fields l'^ ~ j^lpn (see (|3.25p ) are globally defined and will generate a Virasoro 
algebra with central charge c' = pc |61fl63] . 



Previous treatments of the asymptotic symmetries of WAdS^ only revealed the existence of a 
single Virasoro algebra, supplemented with current algebras |2 HI22ll6l] P^l which has some tension 
with the proposal that space-like stretched AdS^ solutions of TMG are dual to a two-dimensional 
CFT. What we have seen is that in a three-dimensional theory of gravity coupled to matter fields, 
one may be able to find a second Virasoro when the gauge fiber is treated geometrically. This is 
similar in spirit to the study of an AdS2 background with gauge field [65], as well as to the proposed 
holographic description of extremal Reissner-Norstrom black holes in [66] . 

5.2 Super symmetry of the Solutions 

Here we will deal with the type IIA and heterotic cases; type IIB is similar to both this section as 
well as to |37j . The metric is as in ()5.ip with S^ radius yk while H^ takes the form 

H3 = 2 cosh£) sinh^ {kdt AdgAdcf)- nVkdg A dip A (d(^ + adt)) + 2kYol{S^) , (5.11) 



^^ Although, a second Virasoro algebra can be constructed out of a residual current algebra by means of a Sugawara- 
like construction, e.g. [20] 
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where Vo^S^) is the volume form on the unit 3-sphere and a = ±1 determines whether we deform 
the holomorphic or antiholomorphic side of the worldsheet CFT. In particular, in a suitably chosen 
frame this is 

H3 = ^e* A e^ A e<^ + 2kYol{S^) . (5.12) 

The Riemann tensors with ± 2-f^3 torsion both vanish, so the integrability conditions on the gravitini 
variations are always satisfied. This locally guarantees the existence of a solution to the gravitini 
variations but not globally, as we will see. The dilatino variation constrains the Killing spinor e to 
satisfy the projection 

r*^<^"i"2"3e = -e, (5.13) 

which poses no trouble. 

We still have to solve for the Killing spinor which must satisfy V/j ep = 0, where V}j refers to 
the connection with torsion 2^^^ ^'^d we have split e into Majorana-Weyl components, of which 
there are two for type IIA (/3 = it) and only one for heterotic (/3 = — ). Since a solution is 
guaranteed locally, the only concern we have is whether the solution of the Killing spinor equation 
respects the periodicity of the fibered circle. To check this, it turns out that we only need to solve 
two of the components of the gravitino variation: 

Vfhp = (9,-^r*^)e^ = 0, (5.14a) 

Vjf^e^ = (d^--^{l + Pa){s\nhQT^s^acos\iQT^^)\ep = Q. (5.14b) 

The first thing to notice is that when /3(T = — 1, ()5.14bp implies that e is independent of 99. This will 
always yield a space-time super symmetry: in the type IIA case, this means that we will always have 
at least one globally defined Killing spinor, £-„] in the heterotic case, where P = —, this means 
that we will have a Killing spinor for all values of the moduli when a = 1, so this corresponds to 
deforming the bosonic side of the heterotic worldsheet. 

On the other hand, when /3a = +1, the first equation ()5.14ap is satisfied by 

£^3 = ('coshf + ^sinhf r*'^)r/;3, (5.15) 

which we can then use to simplify ()5.14bp : 

( cosh f + /3 sinh f r*^) (^d^ - /?^r^^) V^ = 0- (5.16) 

The solution to (|5.16p will depend on cos[-y=ip), and since our Killing spinors should be periodic 
or antiperiodic around the fibered circle, this Killing spinor will only be globally defined when 

2hR 

GZ. (5.17) 



Vk 

In the type IIA case, this means that half of undeformed supersymmetries will be broken when 
(j5.17p is satisfied, in which case we will have all the supersymmetry of the undeformed case. In the 
heterotic case, since we are fixed to have /? = — , this means that the deformation corresponding 
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to (T = —1 will generically break all of supersymmetry except when (j5.17p holds, in which case 
it will break no supersymmetry and, hence, corresponds to deforming the supersymmetric side of 
the heterotic worldsheet. This is in complete agreement with the worldsheet analysis performed in 
section 14. 1[ 

The type IIB theory differs from type IIA only in the GSO projection, so from the worldsheet 
arguments of section ITT] we expect the same conclusion to hold for type IIB. This is in agreement 
with the Godel space-time analysis of |37j . 

6 Discussion 

As we have seen, when we consider space-time backgrounds that consist of an S^ bundle over 
WAdSs, we find that we can tune the radius R of the S^ so that when ^^£ takes rational values ^, 
we obtain two commuting space-time Virasoro algebras with central charges (taking, for instance, 
w>0) 

Cst = 6fc {pw + fiuj) , Cst = (ikw , 

whereas when it is irrational we obtain only one space-time Virasoro algebra together with a 
commuting global charge, Lq*. Generically, half of space-time supersymmetry is broken in the type 
II case and all of space-time supersymmetry is broken in the heterotic case (unless we deform the 
bosonic side, in which case none is broken) except when -jf- is integer {e.g., p = 1), in which 
case no space-time super symmetries are broken. Dual CFTs with differing left and right central 
charges usually indicate a diffeomorphism-violating term in the bulk lagrangian, so the cases where 
p ^ 1 are rather puzzling because these backgrounds arise as solutions to a consistent truncation 
of supergravity that has no diffeomorphism-violating terms (see section IZTI) . 

We can always realize the deformed worldsheet sigma model as a Z-orbifold of an AdS^ x M 
WZW model with discrete torsion phases. It is tempting to conjecture that the dual QFT is also 
an orbifold of the CFT dual to AdSs x M, e.g. by an operator of the form exp( 27rz-^^LQ* J , but 
this appears to be incorrect in part because it does not reproduce the term in the central charge 
related to winding around the S^, co. Similarly, in searching for the brane construction it would be 
tempting to guess that it is an orbifold of the full F1-NS5 system, but this is also evidently untrue 
since the Z by which we orbifold is embedded in a U{1) isometry of the near- horizon geometry that 
does not extend to an isometry of the full geometry. 

Even at the points of enhancement where we expect two Virasoro algebras, the interpretation 
of the dual theory appears slightly murky. To see this, let's focus on the supersymmetric models 
with p = 1 which have the property that the left and right central charges of the dual CFT are 
equal, at least in the sector with no winding along the circle (corresponding to the supergravity 
limit where winding modes decouple) . We can then formally define the dual two-dimensional space- 
time CFT, coordinatized by (x, x), by declaring the two sets of space-time charges {L^} and {L^^} 
to be the Laurent modes of a conserved stress-energy tensor with components T^^{x) and T'^*(x). 
We would then like to interpret worldsheet physical states, with quantum numbers {j,m,m,p), as 
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modes of primary operators in the dual theory; using a change of basis and temporarily restricting 
to unflowed representations, w = 0, suggests 

'^,,pix,x) = Y, X-^-'^X-^-'^<P,mm,p , (6.1) 

where the sum over m and m should be unrestricted for ^j^p{x, x) to transform in a representation 
of the dual conformal algebra. However, solving the on-shell condition on the worldsheet 

^^s = -^^^l^ + ^^^{p-f^mf + N + Aothcr = (6.2) 

will generically force m to take specific values, implying that <l>j ^(a;, x) will not transform properly. 
This conclusion is avoided if one tunes the S^ momentum to take the value p = fim, but the 
implication is the same: it appears that only a subspace of the dual theory will form representations 
of the dual conformal algebra. The same argument obtains for spectrally flowed operators, w ^ 0. 
Given these challenges, we leave the identifications of the dual QFT and the brane construction 
for future work. Ultimately, our goal is to understand the QFTs dual to space-like stretched 
WAdS^ and null WAdS^, which have black holes and no CTCs, but this is currently beyond the 
scope of the methods used here (representations of SL{2,M) in the parabolic and hyperbolic basis 
are harder to handle). Until the day that we can extend these methods to space-like WAdS^, arrives, 
we content ourselves with squeezing every drop out of time- like WAdS^. 
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A Parafermions and SL{2, M) 

Parafermions were originally studied by Zamolodchikov and Fateev in the context of the two- 
dimensional Ising model by generalizing the Z2 symmetry to Z^ |67j . As in the Z2 case, the Z^ 
model is expected to have a critical point where the Z^ symmetry is realized and is described by 
fields 4'[m,in) with Zfc x Z^ charge (| (m + m) , ^ (ttt. — m)) . When k = 2, these fields are free fermions 
while in the general case, they are promoted to parafermions ^prn ~ '^^(jn.o)) ''Pm ~ 'P{o,m) — these 
describe the SU{2)/U{1) coset model. The generalization to SL{2,W) was studied in ^68j and the 
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construction of primaries is similar to that of SU{2), the main difference being that there is no 
known, underlying, Ising-type model. The relevant OPEs of the holomorphic parafermions are 



^|Jm{z)lPm'{z') = Cm,m'{z " z')^^+m'-^^-K.' (V'„^'+„^(z') + 0((z - z'))) , 

^PUz)i^l{z') = [z-z')-'''-(l+^^T,{z'){z-z'f + 0{{z-z'f)), (A.l) 

with the parafermion central charge given by 

3A; 



k-2 



1. (A.2) 



The complete Fock space is constructed by acting with tpi and ip^ on the parafermion principal 
fields $m [68]. So, the complete space of fields can be denoted 

n-l 



Where 



$'-'_ 

m 



1=0 

correspond to the conformal block generated by all the descendants of $ ' j.. 



A.l Relation to SL{2,R) WZW Model 

Consider a free time-like boson T{z,z) = T{z) + T(z) with OPE T{z,z)T{0,0) ~ ln|zp. Then we 
can take the direct product the free boson and the Z^ parafermion system in order to write the 
5'L(2,R)^ currents as 

J+ = i^/k^lJle~'y^^{z), 

J3 = ufkdT{z). (A.4) 



The wieghts of the parafermionic currents are A(^i) = A(^|) = 1 + ^ while the SL{2,M.) currents 
have OPEs 

JHz)J'{0) - -^, , J+W J-(0) ~ 4 - 2^^ , ^'(^)^^(O) - ±^^ , (A.5) 

ZZ^ Z"^ z z 

and similarly for the anti-holomorphic currents. The WZW primaries are then given by 

Vli^ = $1'' _ .-^yi^^-^yi-^ . (A.6) 

m,m [m,m) ^ ' 

A.2 Free Field Representations 

A free field representation for the S'L(2,M) parefermions can be constructed in terms of two free 
bosons (for the SU(2) case, see [BS]), x a^id s, which have the OPEs x{z)xiO) ~ — lii(z), s(z)s(0) ~ 
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ln{z). Then we can write 



1 /^ ..Ik 2 „ \ iw^x 



1 /„ . lk-2^ \ -u/J. 
V2^ 
Tp{z) = -ldxdx-bsds + ^=L=d's. (A.7) 



^(2^) = — '7^v^~'^v~j^^^r 



In this representation, the parafermion principal fields are given by 



ci>^^ = e^Vi-x+^VS% A($^J = -fcil + ^, (A.8) 

and so we have 

4{^Wm{^) ~ (.-u;)-^(-||^^<I>^„_i + 0(l)) . (A.9) 

B Current- Current Deformations and Lattice Rotations 

A WZW model is characterized by its left and right currents which each satisfy an affine Kac- Moody 
algebra 0fc x 0fc- Generically, the Hilbert space will be decomposed as 

'H= 1^Q0% (B.l) 

(Q,Q)6A 

where (Q, Q) are elements in the lattice of charges A. A is characterized by the eigenvalues of 
the generators of the Cartan subalgebra f) x f) C g^ x g^. It was shown in [SS] that a marginal 
deformation of the form CijJ^J , with (J, J) G f) x ^, can be implemented by an o(d)xO(d)'xO(dd-z) 
rotation on the charge lattice of the undeformed model. To implement this, we write the WZW 
model as a coset model times a toroidal CFT with an orbifold action: g^ ~ [Qk/h ^ ^AJ /F- The 
deformed toroidal sigma model then has the general form 

S = -^ I d^z {Gij + AG^j + Bij + ABij)dX'dX^ , (B.2) 

zvra J 

with a constant metric G + AG and i?-field B + AB that depend on the parameters of the defor- 
mation through AG and AB. The fields are subject to the toroidal identifications X^ ~ X^ +2TrRj 
for all i,j = l,... ,dim(f)). 

The dimensions of operators can be analyzed in the usual way. Calling the deformed fields G 
and B, we can write the dimensions of operators in the deformed theory as 

A = ^&^PL,iPL,j and A = ^&^pR^iPRj (B.3) 
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where, as usual, 



PL,i = {R-yiTij + i Si,- ± Gi, fi^'^ (B.4) 




for ni,w^ G Z. What was shown in |55] was that we can also write these dimensions as 

A = jG^^p'lA, a^d A = jG^^p'r,p'r, , (B.5) 

where we contract with the undeformed metric G, the momenta p'^ ^ are determined by 

0(d) X 0(d) X 0(d,d;Z) ' ^ ' ' 

and pl,_r are the momenta of the undeformed theory. Thus, we have a way of writing down the 
spectrum of the deformed theory directly from that of the undeformed theory. 

C BRST Formalism for Coset Models 

One way to realize a level-A; coset model {G/H)k, H Q G, is as a product 

{Gk X H_k_2h(H) X ghosts) / ~ , (C.l) 

where the equivalence relation ~ is defined by a suitable BRST operator and h{H) is the dual 
Coxeter number of H [70l[7l]. We can also realize the coset as a gauged WZW model, and the be 
ghost system here is precisely that which is required to gauge the subgroup H ^ G. The ghost 
system has central charge —2dH, where dn = dim(ff), so that the total central charge is given by 

CG/H = CG,k + CH,-k-2kiH) - 2dH = ^^^^^ - ^^J^^ = CG,k " CH,k • (C.2) 

The BRST operator is given by 

'^" r r\7 
Qg/h = Y.f^,--^\'^G + Jh + yin) ■■ , (C.3) 

where J\ ~ if{HY\ -.bjC^:. As usual, physical states are defined by the cohomology of Qg/h^ 
^Qg/h (^g "Xi Tin <X) Tigh)- Primary states are in the ghost vacuum — c^>i|0)3/i = = 6^>o|0)g/i 
— and, therefore, annihilated by /:c*J*^ :. Thus, the physical state condition for primary operators 
simply sets 

{Jg + Jh) \primary) = . (C.4) 

The extension to supersymmetric models is straightforward: {G/H)i^ is realized as (O^ x H_f^ x 
superghosts) / ~, where the equivalence relation is now defined by a BRST operator constructed 
out of the 'total' G and H currents J^ ^ J^ + iPjj.ip-'i^^, et cetera. The ghost central charge in this 
case is —Sdu so that the total central charge is 

{k + h{G))dG {k + h{H))dH , (dG-dn) .„,. 

CG/H,k = CG,k + CH,-k - idn = 7 7 \ = CG,k - CH,k , (<-'-5j 

as it should be. 
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D space-time Virasoro from the BRST Formalism 

D.l Undeformed Case 

Following appendix[Cl we realize SL(2,R)k/U{l) as (5^(2, M)^ x U{1) x be) / ~, where b has weight 
1, c has weight 0, and ~ is defined through the BRST operator Qg/h in (|C.3p . The U{1) of the 
BRST formulation must have level opposite that of the U{1) of the coset. In particular for the 



time-like deformation, the U{1) of the coset, generated hy K = i\ 2 i9T|^ has the level —2 so that 

the level of the U{1) in the BRST formulation must be +2 — let's denote this as Jh = ^y f dY, 
where y is a space-like boson. Since H = U{1) is abelian, Jgh = and the BRST operator for 
the coset theory (not to be confused with the BRST operator for the full worldsheet theory, which 

we'll call Qb) is simply 

/dz ^ 

— :c{4 + Jh):. (D.l) 

A primary state in the BRST formulation is annihilated by Cn>o, bn>o, <^Gn>0' ^^"^ JH,n>o- Thus, 
a physical primary state must have equal and opposite eigenvalues of Jq^ and Jh,o- 
Just to be pedantic, we are writing the Hilbert H space of our original SL(2,M)k as 

where the Z acts to match the eigenvalue of Jq q with that of Kq (in sectors with zero spectral flow). 
Below, we'll restrict to states with j = m = in order to work with holomorphic operators, so we'll 

suppress these subscripts for convenience and will write a full SL{2,M.) primary as V^e v ^"^^ '''' ^ 
where V^ refers to a primary of the 5^(2, M) of the BRST formulation. 

Given a WZW primary state \m) which has Lq = 0, we can generate a state with dimension 1 
(and the same ghost number) by acting with c^b^i, Jq _^, Jh,-i, or K_i, however up to a Qg/H' 
exact piece, acting with J^ _^ is the same as acting with Jh-i and so we will ignore it. Furthermore, 
cob-i will not lead to a Qc/H-closed state because {Qg/H: cq^-i} ~ cq ( J^ ^i+Jh-i) , which cannot 
cancel with Qg/h acting on the other states. So, our most general guess for space-time Virasoro 
charges is 

^m = / |^{"™V^ ^^^^ + ^™ ■ -^^^"-^ ■ ^^'^ • "^^"^^+^ ■ +^"^V^ ay v^|e-'^'"(^+'') . 

(D.3) 
We have two constraints to impose: first, the state must be Qc/H-closed; second, the state must 



This is not to be confused with the Jq that will appear below, which is the Jq of the SL(2, R) that appears in 
the BRST formulation. 
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be Qfi-closed, which means it must be annihilated by Li. These imply the two conditions 



k 
{m - 1)6+ - (m + 1)6„ + -Cm 

m{am - Cm) + {m- 1)6+ + (m + 1)6;;, 
For reference, we include some relevant OPEs: 



0, 
0. 



(D.4) 
(D.5) 



Vg{zi)VS{z2) 
Vg{zi) : 4V^ : (Z2) 

: J+V^ : (zi) : J+V^ : (^2) 



: J+V^ : (zi) : J+V^ : (^2) 



l^m+nitll^s) , 
2 V^+n±2(^2) - — : V^ii^V^ii : (Z2) 



+ 



(^12) 

{m — n) 

Z\2 



ran 

Z12 



• JG^m+n±l '■ (^2) 



(D.6a) 
(D.6b) 



(D.6c) 



(k — mn ± 2(n — m)) ^ ,r' / n 1 f/, / xn ,,r^^,,r' 

^ r^2 -^^+n(.^2) + — {k±2{n- m)) : VgdV^ : 



Z12 L 



m+n 



n: 'JQ^m+n^l 



+ m:J+V: 



G 



G "^m+nitl ' 



(^2). 



(D.6d) 



Some of these can be simplified bit by noting that : dV^ '■= "m '■ V^_]^5Vf :, and we'll make use of 
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this below. Define L^ = <f ^Cm{z), then 
/ ^Cn{zi)C^{z2) ~ \Y,Kb'm\{mn + l-s{m + n))in^{dY + dT)V^^^ 



s=± 



+{m - n) : J^V^a+n-s ■ -{^n + 1 - s(m + n))nV^+„_i5V 



jG 



+ T.^nb. 



=± 



- {k - 3 - mn + s{n - m))in^^ l{dY + dT)V^+^ 

+ {nk - 3n - mm? + sn{m + n) - s{k - 2)) V^+„_i9Vf - 2s : J^V, 
-{n-s): JcV^+n-s : +(m + s) : Jq^V^+u+s ■ 



m+n • 



+ {an - c„) y^^K, 



s=± 



imn 



2 2 



(ay + 9T)V^+„ + m: J^V; 



G 

m+n—s • 



-mn{n + s)V^ , „_i9Vr - mJf OTV, 



+ a 



TO ^m 






i?n,n 



2 '^m+n 

2/|(9y + 5r)V^+„-n:J^V^+,_ 



-mn(n - s)V^ , ^.i^Vf + imJ^dTV^ 



-\-\Cin C.n)\OifYi C'lYi) 



kn 



mn 



2\^,G 



V^+„_i5Vf + iJl {ndY + mdT)V,, 



m+n 



+imnyf(9y + 9r)V^+, 






G 



-iJ|(m+n)(y+T), 



+ Y, [mc^hl - nCnV^Y^\ {dY + 9r) V^+„ e'^V ^v'"-^^^ ^^^z^) . (D.7) 

s=± J 

Cohecting the coefficient of : JgV^+„_3 : and demanding it equal (n — 7n)6^_,_„ in order it satisfy 
the Virasoro algebra yields 

(m - n)\fjf^ -in- s)h\jh^ + (m - s)h;,%%, + m(a„ - c„)5^ - n(am - c„)6^ = (n - m)6^+„ . (D.8) 

If we first restrict ourselves to cases where m, n 7^ 0, and m + n 7^ 0, we can multiply this equation 
by ran and simplify by using the physical state condition ()D.4p 



s(?7z + n) {m — n)b^bfn + nbfj^b^^ — mb^^bf^ = mn{n — m)bf^_^^ . 
We can solve this constraint by setting 

2 ■ 



(Di 



(D.IO) 
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and input this into the physical state conditions ()D.4p to find 



0"m, ~ Cm — ~1 and c^ 



2m^ 



(D.ll) 



Working with this solution drastically simplifies the OPE to 
dzi 

■L,n[Zl)L,m[Z2) ~ <^ 

s=± 

mi 
2 



f ^'^"(^i)^™(^2) ~ I ^{n - m)bf,+m ■ Jc^m+n- 



mn/ _nk)-^ + mr? + n^ V^+„_i5Vf 



+ y^{nk) + fn- m^ - m^nji-^|9y V;;;+„ 



■iJl{m+n){Y+T) 



Z2). 



Now we deal with two cases separately. First if m + n ^ 0, then we can write Vm+n-id'^i = 
■:^^^r^dVm+n- When we compute [L^, L^*], we will also integrate over Z2 and can, therefore, integrate 
by parts, which amounts to making the replacement 



;G 



V';;,_,^_^dV'{^i\i{dY + dT) 



(D.12) 



In this case, we find 

[Lt^Lt] = {n-m) 



4> ^~^ ] Z^ K+m '■ Jc^m+n-s '■ + 



"r^n+m^A/ ^Ol y^^_i_^ /6 



= {n — m)Ln+m ) for m + n / . 

On the other hand, if m = — n, then 



Cn+mly 2^^ >^m+n 



A^l{m+n){Y+T)^^^ 



(D.13) 



st rst 



[^n ) ^ 



dz 
2^1 



IK - ?^)V^i9Vr - (n'^ - n)i\ !^dY - (n'^ + n)iJ^dT 



2nLn + (n'^ - n) (h 

2m 



fv^iavr - Vt(^^ + ^^) 



Thus, we recover the Virasoro algebra with central term: 



where we have defined 



Thus, the operators 



L: 



st 



dz [ 

2TTi\ 



m 



2 k 



[^n , ^m] = ('^ - "l)^n+m + ¥(^' " ^)'5n+m,0 



p = ^ — ('sin Vf - i^Jl {dY + ST 



f iVf 5rv:^-f : J+V^_i : +f : J^V^+i : +imVf ^yV^;; e 



(D.14) 

(D.15) 
(D.16) 

2./2;,V1,gL-H/I™(^+^) 

(D.17) 



form a space-time Virasoro algebra with central charge Cst = 6fcp. 
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D.2 Deformed Model 



As we learned in section 13.21 the deformed case is not much different from the undeformed case if 
we perform a lattice rotation as described in appendix |Bl In fact, all we have to do is take the 
undeformed charges (jD.lTp . make the replacement {T,ip) — t- {T,(p) (defined in (j3.23p ). and check 
the invariance under the identification (T, ip) = (T, c^) + 27ri?(tan a, sec a). The deformed operators 
will only be invariant under the identification if 

-mRt&naeZ, (D.18) 

k 

which is the same condition that we've discussed around (I3.20p . Thus, these operators are only 
allowed when 

\ -Rtana=- £Q, m £ pZ , (D.19) 

\ k p 

for relatively prime /i, /) G Z. Thus, when (j3.20p holds, we have the operators 

fst _ ^P ( l^. ^^^ I ^^ j ( n^n^ Ai.[^F)fV^ P"^ ■ T+V^ . ,Pn . j-yG 



+ip'n\l ayvf„ e-Vi''"(^+^) . (D.20) 



When ()3.20p fails to hold, we still have the operator Lq*. 

When (j3.20p holds, we also have a space-time U{1) generator 



TSt i dz -i fInp(T+Y) 

^np= f^d^^np^ "' ' 



^t=<^:F:^^V„,e-Vi"^i^+-^ (D.21) 



When it fails to hold, we still have J^ . 



E Computation of Surface Charges 



This appendix reviews the formalism of |72H74| which we use to compute asymptotically con- 
served charges for our ten-dimensional theory (j2.ip (see also [75] and appendix A of [TB]). Our 
D-dimensional theory takes the generic form 

^=16^/ (^*l-^*^XA(ix-^e"->^*HAHy (E.l) 

where x is a scalar field and H is a three-form field strength. We will denote the set of fields by 
(j) = (g, B, x), where B is a two-form potential for H. Associated to every asymptotic Killing vector 
f P^l there is a space-time D — 2 form 

k^[50;0] (E.2) 



^^Asymptotic Killing vectors are defined as diffeomorphisms that satisfy the Killing equations in an asymptotic 
region and are associated with finite, conserved, and integrable charges. 
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that is linear in 5(f) and its derivatives — it is a one-form in 'field space'. k^[(5</>; </>], which can be 
constructed by a well-defined algorithm that depends only on the equations of motion, is the basic 
ingredient in the definition of asymptotically conserved charges |72fl74j (a similar expression exists 
for any gauge symmetry parameter of the theory). It enjoys the following properties: 

• Given a solution to the equations of motion, cp, and a variation (5(/> that satisfies the linearized 
equations of motion around (p = (p, then for every exact Killing vector (^ of the background (p, 
there exists a conserved quantity 

5Q^= <ik^[6(P;4>] (E.3) 

that only depend on the homology class of the {D — 2)-surface S. 5Q^ defines the difference 
in charge between the backgrounds (p and (p + 5(p and is unique [77] . 

• When ^ is an asymptotic Killing vector, the difference in charge between the solutions (p and 
(p + 5(p IS given by 

5Qc= lim / \ii\5<p;ip]. (E.4) 

r^OO J Or 

• Since ]i.^[5(p; cp] is constructed purely of the equations of motion and solutions (p and (p + 6(p, 
it does not depend on boundary terms in the action. 

• Since kg [50; (p] is a linear functional of the equations of motion, it can be expressed as a sum 
of terms arising from each contribution to the Lagrangian. 

• Given two solutions, <p and (p, in the same phase space, for each asymptotic Killing vector ^, 
the difference in charge between (p and <p is given by 



lim / [k^[6cP',<P'] + NS], (E.5) 



S'- J-y 



where 7 is a path in field space connecting <p with (p, 5<p and its derivatives are a basis for the 
line element along 7, and A'^t[<^] is an arbitrary normalization constant. Demanding that the 
charge be independent of the path 7 implies an integrability condition that restricts the field 
space of (p as well as the space of asymptotic Killing vectors. 



Additional properties of the charge form ()E.2p are discussed in 

For the Lagrangian (jE.ip . the contributions to the (D — 2)-form can be split into four pieces: 

k^[64>;<P] = kl[6g;g]+e''>^kf[64>-A] + kl[6<P;<P] + kf''^PP'[64>;<P]- (E.6) 

The gravitational contribution to the charge form is given by |72y80j 

kl[5g-g] = -5Ql-^e^[5g]-E'j,[C^g,5g], (E.7) 
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where 

Q^ = *(^(Z)^e.-^.C^)da;^Adx^), (E.8a) 

&s[6g] = *[{D-6g^„-g''^D^6go.^)dx>'), (E.8b) 

E'^[62g,6ig] = *(^^Sig^a9''^62g^,dx^' Adx'') . (E.8c) 

The term (lE.SaP is known as the Komar (D — 2)-form while E^, which does not appear in the 
lyer-Wald formalism [^IJ, vanishes for exact Killing vectors but may be relevant for asymptotic 
symmetries. In ()E.7p above and (|E.9P below, 5 is an operator that acts only on the fields (/>, not on 
the asymptotic Killing vectors ^. The p-form contribution to the charge form (here p = 2) is given 
by [82] 

kf [5(P; (P] = -6Qf + i^0B - £^[£56, 6B] , (E.9) 

where 



qB = ^^B A *H , 0^ = (^B A *H , 




(E.IO) 


B^[62B,6,B] = ^(i^_l-^5iB^<,,...«^_,52B,"- 


"'^"-'dx'' Adx"). 


(E.ll) 


Finally, the last two terms are given by 






k^[6<P;4>] = id^idxSx)), 




(E.12) 


kf'^PP\64>;4>] = a6xe-'^-^Qf. 




(E.13) 



The next step is the representation of the algebra of asymptotic Killing vectors by the asymp- 
totically conserved charges (jE.Sp . For this, we need to define a set of fields (0, 6(p) (the phase space 
of the theory) and gauge parameters ^ (the asymptotic symmetries) such that the charges Q^[(j)^(j)\ 
are all finite, asymptotically conserved, and integrable for all (p and in the phase space. One can 
then show (modulo a technical assumption) that for any solutions (j) and (f) in the phase space, and 
for any asymptotic symmetries ^, ^',A', the Dirac bracket defined by 

{Q^[(P,4>\,Qi'[^,4>\] ^ i H^i'<Pr.<t>] (E.14) 

75°° 

can be written as 

{Q^[(P,4>],Qi\^A\] = Q[U'][^,4>\- N^U'][^] + K^M^ (E-15) 

where 



K^^^.[(P\=i> k^[C^,(p-(l)\ (E.16) 

is a central extension that is nontrivial only if it cannot be reabsorbed into the normalization 
A^[^_^/i[i^]. An important observation is that the central term can be computed from the data of a 
background only, independent from the definition of a phase space (and when the phase space is 
known, the result is independent of the choice of a background in the phase space). 
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